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A nonlinear wave theory is developed to review the reductive Taniuti-W ei, the derivative 
expansion, and the rays methods. Model equations describing wave propagation in a fluid-filled  
cylinder with a thin wall of elastic rings and a channel containing a two-layer fluid are derived 
via these methods.

1. Introduction

The study o f pressure waves in tubes has a long 
history. Elastic tubes containing a fluid have been 
considered for the first tim e by Thom as Young [1] 
in connection w ith m odelling the propagation o f the 
arterial pressure. M oodie et al. [2] have recently 
discussed this problem  assum ing the fluid to be 
inviscid. A one-dim ensional theory has been 
extracted by averaging the quantities over the tube 
cross section. The linear tube has been m odelled on 
the basis o f a viscoelastic shell theory which 
neglects bending m om ents and shear deform ation of 
the wall. The problem  was solved in the form of a 
Laplace integral which was inverted numerically. 
The results were tested against experim entally 
generated pressure pulses. The linear model has 
been developed to describe the m otion and reflec­
tion o f pressure waves in jo ined, initially uniform  
viscoelastic tubes and their subsequent interaction 
w ith various junctions characteristic o f the arterial 
system [3], W ave propagation  and shock form a­
tion in elastic and viscoelastic fluid-filled tubes 
for a M ooney-Rivilin m aterial have been discussed 
by Tait et al. [4], Also the radial m otion o f a 
viscoelastic and thin-w alled tube has been in tro­
duced by considering a model exhibiting im pact 
and long tim e relaxed elastic behaviour [5], A two- 
dim ensional analysis was em ployed to study linear 
pulse propagation in thin-w alled circularly cylin­
drical elastic tubes containing an inviscid and in-
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com pressible liquid. The results showed that the 
axial velocity can vary as m uch as 15 to 20 percent 
across a cross section [6], A viscoelastic shell model 
for transient pressure perturbations in linear fluid- 
filled tubes has been presented and tested against 
experim ents involving a w ater-filled latex tube. The 
experim ental and num erical results are in good 
agreem ent over the m ajor part o f the wave [7],

In 1980 Lam b [8] showed, using Taniuti-W ei 
m ethod [9], that in the absence o f energy dissipation 
the fundam ental set o f nonlinear equations describ­
ing the irrotational m otion o f pressure waves in an 
incom pressible liquid  th a t is confined within an 
infinitely long circular cylinder w ith th in  walls o f 
elastic rings leads to the Korteweg-de Vries equa­
tion. For this case the sam e equation  has been 
derived via W hitham ’s m ethod [10] by M urawski
[11], On the contrary, when dissipation  is taken into 
consideration the Burgers equation  has been 
obtained [12],

Waves in a two-layer fluid have been considered 
by Kakutani et al. [13] and Funakoshi [14] as a 
sim plest model o f a stratified shear flow [15], There 
may exist two m odes which differ in the m agnitude 
o f their phase velocities [16], F or the fast mode, the 
surface and interface waves are in phase, and the 
am plitude of the surface wave is always larger than 
that o f the interface one. On the o ther hand, for the 
slow m ode these waves are always 180° out o f 
phase [13]. We develop here a m ethod presented by 
Shen and Zhong [17] in connection with w ater waves 
in a channel containing one layer o f fluid.

The paper is arranged as follows: In the next 
section the fundam ental set o f equations describing
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waves in an elastic cylinder is presented. Sections 3 
and 4 deal w ith the derivation  o f the Korteweg- 
de Vries and the nonlinear Schrödinger equations 
via the reductive Taniuti-W ei [9, 18] and the deriva­
tive expansion [19] m ethods. Section 5 presents the 
fundam ental set o f equations for tw o-fluid waves in 
a channel. The Korteweg-de Vries equation  with 
varying coefficients is ob tained in Sect. 6 via Shen’s 
m ethod [17]. F or a critical density ratio  (the non­
linear coefficient is equal to zero) the m odified 
Korteweg-de Vries equation  is derived in the same 
section. N ear the critical density ratio  the above 
equations are m odified to com bine them . Phase 
diagram s for this equation  are presented in the 
Appendix. Section 7 is devoted to the concluding 
remarks.

2. Equations of Motion for Nonlinear Waves 
in a Cylinder

In Sects. 2 - 4  all investigations deal w ith one­
dim ensional irro tational incom pressible fluid waves 
o f characteristic am plitude / and characteristic 
length x in an infinitely long tube w ith th in  walls o f 
elastic rings (undisturbed d iam eter 2 a) to take into 
account d issipation o f energy, nonlinearity  and dis­
persion of the m edium  on the assum ption that 
I <  2a <  I. Axial m otions o f the wall and bending 
m om ents are ignored. Then the fundam ental set o f 
equations may be w ritten as

At + ( A V ) x =  0,

V,+ VVx +  — p x =  0, 
Q

(2.1)

(2.2)

E 2n a n (Eh — 2a  q) 
A „ + — -----A ---------r p = ~ --------:---- (2.3)l t t  '  2 

a Qr

where q  =  constant liquid  density, A =  area o f the 
cross section, V =  liquid  velocity, a =  tube radius at 
the undisturbed uniform  state, Qm =  density o f the 
tube m aterial, E =  Y oung’s m odulus in the circum ­
ferential direction, p  =  liqu id  pressure, q =  outside 
pressure, h =  thickness o f a tube wall. The sub­
scripts x and t denote partial differentiation .

The model equation  governing the m otion o f the 
tube wall as a linear viscoelastic solid characterized 
by its relaxation tim e was tha t em ployed in [20], but 
for our purpose (2.3) is used and m ay describe

im pulse propagation in an arterial or nervous sys­
tem. The experim ental results ob ta ined  by G reen- 
wald et al. [21] showed close agreem ent between the 
synthesised and m easured waveforms. A problem  of 
im pulse propagation in nervous system was treated 
in [22],

By introducing the new coordinates

1
n a

A, p
2a
T h P,

t t ,  X

V

2 q

]/2 a q

T h

X, (2.4)
a r Qm Qm a h

dimensionless equations m ay be ob tained, i.e.,

A , +  (AV)X =  0, (2.5)

V, +  VVX +  Ax +  Axtt =  0. (2.6)

W e define two dim ensionless small param eters, 
namely

2 a e I 
£ =  —  , d =  — . (2.7)

/  2 a

e and ö m easure the weakness o f dispersion and 
nonlinearity, respectively. Various m odel equations 
m ay be derived depending on the relative m agni­
tudes of these param eters. F or exam ple, the Korte- 
weg-de Vries equation  is ob ta ined  on the assum p­
tion that 0 =  e2 and the nonlinear Schrödinger equa­
tion corresponds to ö =  e.

3. The Derivative Expansion Method for the 
Korteweg-de Vries Equation

As is m entioned in the Introduction, the funda­
mental set o f equations (2 .1 )-(2 .3 )  has been 
reduced for the first tim e to the K ortew eg-de Vries 
equation by Lam b [8] using the reductive m ethod. 
Also, the Lagrangian for the set o f equations (2.5) 
and (2.6) was found and w ritten as [11]

L =  j  A y/y +  A y/t — j A ?  +  j A 2 — A +  j ,  V =  y/x . (3.1)

The Euler-Lagrange equations lead to the Korteweg- 
de Vries equation.

O ur purpose now is to show tha t a derivative 
expansion m ethod leads to the sam e equation. We 
deal with small am plitudes and long waves. We
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introduce the m ultiple spatial and tem poral scales 

t„ =  e” t, .y„ =  e" -V, n =  1 ,2 , . . . ,  (3.2)

expand the dependent variables V and A around the 
undisturbed uniform  state.

V — ö V\ d~ V2 , A — 1 +  ÖA ] +  Ö2 A2 +  . . . ,

and assum e that 0 = c 2. On substituting (3.2) and 
(3.3) into (2.5) and (2.6) we get a sequence of 
equations by equating  the coefficients o f like 
powers o f e. From  the equations for e2 and £3 we 
find

V\ ( - v , , a -2 , t \ , t2) =  V] ( C i=  x 1 -  £ 2 =  * 2  -  h ) ,

A \ = V \ .  (3.4)
The fourth-order equations lead to

v2xixi-  v2htl+  2 A Usil +  2A \X3̂ +  3 ( A \ A l(l)^

+ =  0- (3-5)

The second-order term s may be rem oved if we 
assum e that V2 depends on X] and t\ through £\.  By 
transform ing to a coordinate system moving with 
the phase velocity 1, i.e.,

C 3 = * 3 ~ '3 ,  t = / 3 , (3.6)

we obtain  the Korteweg-de Vries equation

A u  +  \ A \  A i^ +  0. (3.7)

This equation was m odified  to contain an integral 
term  including the dissipative effects o f viscous 
boundary layers in the context o f w ater waves [23], 

The basic Korteweg-de Vries equation  and its 
solutions were discussed in some detail to obtain 
vV-soliton [24] and V -periodical wave [25] solutions. 
Two-soliton scattering was considered in order to 
show the shape o f the single soliton [26], The 
stability o f the Korteweg-de Vries waves and 
solitons was discussed by Infeld [27], The Korteweg- 
de Vries equations for w ater waves were reviewed 
by Johnson [28].

4. The Reductive Taniuti-Wei method for the 
Nonlinear Schrödinger Equation

In the previous section, we have applied the 
derivative expansion m ethod to derive the Korte­

weg-de Vries equation  for weakly dispersive waves. 
Here, turning our interest to strongly dispersive 
waves, we develop the reductive T aniuti-W ei 
m ethod to obtain the nonlinear Schrödinger equa­
tion. For this aim  we expand the quantities A and V 
into the series

(3.3) A =  1 + X e” Z  A W ( q ,T )e im(kx-“ '\
n=  1 m = - x

(4.1)

v =  Z  e" Z  V<n)( Z , T ) e imikx- t0,),
n=  1 m = — oo

where

A W = V W  =  0, m * ± l ,  A<!)* =  AL,L  (4.2) 

Q =  £  (.V — A t ) ,  T — £2 t . (4.3)

Substitution of the expansion (4.1) into (2.5) and
(2.6) yields for the first-order term s

V{" =  j A  ['», o '2 =  T ^ t .  (4 .4),(4.5)

From  the second-order equations we find

i ( k V i 2)- a > A W )  =  L - j \ 4 ' l ,  (4.

2 k :'

A =  OJk .

6)

(4.7)

(4.8)

(4.9)

The com patibility condition for the com ponents of 
V}3) and A\3) can be reduced to the nonlinear 
Schrödinger equation

• A(\) . c° 3 (12 +  35 A'4 +  39 k 2 +  9)
1 A \ t +  a , . 4 / 7 . 4  , 1-2 , I4 k 4(k4 +  3 k 2 + 3 )

3 co

2(1 + k 2)
-2 A\'l( = C A \ ' > , (4.10)

where C is an integration constant which m ay be 
calculated from the boundary  conditions.

It is well known tha t this equation  may be solved 
by means of the inverse scattering transform  [16], 
the direct m ethod [29] and W ronskian determ inants
[30], and possesses Painleve test and the Bäcklund 
transform ation [31] to ob ta in  an V -envelope soliton



solution and a periodic envelope one [32], The 
stability o f this equation was considered by Infeld 
and Rowlands [33].
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5. The Fundamental Set of Equations 
for Water Waves in a Channel Containing 
a Two-Layer Fluid

Pi  =  0 ,  at z  =  r j \ , (5.6)

>l2t +  «I (>72.v “  ^o.v) +  t’i niy =  w i , at z =  rj2- h 0, (5.7) 

U\ Dx +  i | Dy +  W\ Dz =  0 , at D =  0; (5.8)

lower layer:

u2\ +  V2v +  w2z =  0,

1189

(5.9)

1
Uit +  U2 U2x F  2̂ ^2y F  ^2 ^2z -̂----P2x — 0 , (5.10)

£2
We consider the m otion o f an inviscid, incom ­

pressible two-layer fluid o f constant densities under 
gravity in an open channel w ith the bottom  varying 
slowly in the longitudinal direction  (Figure 1). We 
assume that the transverse velocities are m uch 
sm aller than the longitudinal ones and develop the 
method presented by Shen and Zhong [17], O ur 
starting point is the following set o f fundam ental subject to the boundary conditions 
equations:

l ' 2t  F  u 2 v 2 x  F  v 2 V2 v  F  h ’2 v 2 z ^------- P l y  ~~ ® > (5.1 1)e 2

m’2t +  u2 w2x F  v2 w2v +  vv2 w2z P2z +  g  =  0 , (5.12)
Q 2

U pper layer:

u \ x  F  l ’ l y  F  W \ z  =  0 ,

U\t+ U\U\X +  VxU\y+ WxU\z -\-----P \ x=  0,
Q i

L' l t  F  «1 V\X +  V\ V\y +  w ,  t’ , 2 + — /? 1 v, =  0,
Q i

>l2t F  u2 (rj2x -  h0x) +  v2 rj2y =  h’2 , (5.13)

P2 =  P \ ,  at z  =  rj2- h 0 , (5.14)

(5.1) u2 Dx F  v2 D v +  w2 D.  =  0, at D =  0 , (5.15)

(5.2) where (w,, vh w,), / =  1, 2, are the velocities, g  is the 
gravitational acceleration, q,■ are the constant den­
sities, Pi are the pressures, and t  is the tim e.

(5.3)

U’l, F  « 1  wlx +  V, wXy + w, w , z H-----p x. +  g =  0 ,  (5 .4 )
01

subject to the boundary conditions

nil F  M, VlJT F  Z7| >71^= W, , (5.5)

6. Shen’s Method

a) Derivation o f  the Korteweg-de Vries Equation 

We define here the large param eter

o y2 =  - >  1,
H

(6.1a)

w here L and H  are respectively the longitudinal and 
transverse length scales. We further introduce the 
following dim ensionless variables:

r
A =  i*I Hi. 

Ql H

D
------► D,
H

q l g H

Ui

(6.2 a)

Fig. 1. A cross section o f the channel.

a 112 Vi
( g H ) U2’ ( g H ) U2 ’ (<?//)

CJW2Wi 
1/2 («/, r,-, H’,).
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We assume that uh vit w ,./?, and r]h as functions o f F rom  (6.9a) and (6.16a), we m ay define 
a w ,  z and t, depend explicitly on the new variable

c =  o  C (-Y, t), (6.3a)
p \ u =  A(x ,  t, c), =  B(x,  t, C). (6.21a)

where (  will be called a phase function, and that M ultiplying (6.7a) by Q  and (6.8a) by k, adding 
they possess an asym ptotic expansion o f the form anc* inte£ra tin£ over th e cross section S , , we obtain

-  ,„(0)ii,i = y r > +  o - '  +  

,(0)

(6.4a) k 2 S i Ab Q
Ai = ~ — { B t - A t )  +  a Q A z ,  (6.22a)Q

where i//,• is a vector o f the undisturbed uniform  
state:

(w,-0), vj°\  w/0)) =  0, /?(0) =  — z,

1

where a and 6 are the w idths o f  the channel in the 
planes z — 0 and z  =  — h0, respectively. By a sim ilar 
procedure we get from  (6.14a) and (6.15 a)

Pi — th ~  ~  (z  +  h0), rjj0) =  0. (6.5a)
At

Substitution o f (6 .2 a )- (6 .5 a )  into (5.1) — (5.15) and 
use o f the expressions

k2 S 2(A -  1) +  b Q 2 
b Q 2

V(z =  ni) =  v i z  =  0) +  y/z rjx +  0(rj \ ) ,  

v (~  =  ho) =  if/(z =  -  hQ) + y/._ rj2 +  O(rjl)
(6.6 a)

So, we find the linear dispersion relation 

a b Q * - [ a  S 2(l - z O  +  ^ J ^ + S , ) ]  k2 Q 2

+  5, S 2(l -  J ) / : 4 = 0 .  (6.24a) 

Hence, it follows that two m odes are possible. Fromwill yield a sequence of equations since the coeffi
cients o f like powers o f a  m ust be zero. The first- second-order equations we obtain
order equations are for the upper layer

Jfcttiy +  r f t  +  w ilH O ,

k p ('l =  Q u\^ ,

Ply

(6.7 a) 

(6.8 a)

,(2) _

p (2) =  -  (p2{x,y ,  z, t) BC (r,

-  (px (x , y ,  z, t ) A i ( ,

(6.25 a)

.(1)= /7 (O =  0 , 

w,(1) +  ß  17̂  =  0 .

(6.9 a) where the potentials cp\ and <p2 satisfy the following 
N eum an problem s:

.(1)

at z =  0,

+  Q r]{2l  =  0, at z =  — /7C 

i’( 1) Dy +  h ’,(1) D: — 0, at £> =  0,

and for the lower layer

k u(2l  +  v2y +  u '^  =  0,

Ak p 2l  =  ß  u2l ,

Ply =  Pi: ~  0 ’

»•<l> +  ß , , :n ’ =  o ,

Vlyy +  Vi-.-. =  k 2 ,

(piy Dy +  <piz D.  =  0 , at D =  0, 

(P \ :  =  Q 2, at z =  0,

(6.10 a)

(6.11a)

(6.12a)

(6.13 a)

(6.14a)
The com patib ility  condition is reduced to the 
Korteweg-de Vries equation for the first-order 

(6.16a) quantity  B:

<P\ Ai i at z

(6.26a) 

(6.27 a) 

(6.28 a)

=  — th-  
(6.29a)

ni
(l)

1 -  A

at z =  — ho, m, B, +  m2 Bx -I- m 3 BB$ +  ra4 B^^ +  m5 B =  0,

vY) D , +  w ^ ) D: =  0 . at D =  0,

(6.18 a) 

(6.19 a)

where

k  = Q  =  -  Ct-

where 

ni\ =  a Q — 

(6.20a) m 2 =  2k  S \d T ,

A b { \ - 2 P ) Q  k 2 S\  2P

1 -  A Q

(6.30 a)

(6.31a)

(6 .32a)
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Ab 1 -  2T) k 2
m 3 =

A -  1

A (\ -  3T) 2T y?
-----7 —  I *>!„ 2~ * „ d / (6.33a)
1 -  A

/ r “ , , , k 4 S , ^ 2
+ ^  j  (^izz|z=o +  k  ) d /  +

.Vll

m4 ■
AQ 

1 -  A

2 f yr2 y22
I <P\\z = - h o & l - \  <Pl\z = -h0dl \

i  3̂ 21 y  2i '721 
y  i2

+ £22 J 9?) |z=0 d /  — k 2 JJ (p\ d iS ], (6 .34a)
y  n  Si

m 5 =  - k ^ $  2 +  k b h Qx^  +  2 k S ^ x .
A (^  +  ^ } (6.35a)

Equation (6.24a) m ay be solved by means o f the 
m ethod o f characteristics determ ined by

dx Q &k_ _  _  ^  / ß \  d Q dC
d / k  ’ d / \  k ) x d t d t

Along a ray

d S Q  6 
d / 0/ k dx

(6.36 a) 

(6.37 a)

to adopt the expansion

y/j =  y/j0) - Vo  1/2 y/j !) +  o  1 yjj2  ̂ -V

1191

(6.1b)

and (6.30 a) may be rew ritten as

mi B, -I- ra3 BB£ +  w 4 B ^  +  ra5 5  =  0. (6.38 a)

A solution o f this equation  was considered in the 
context of a solitary wave propagation  from one 
uniform  cross section o f a sym m etric triangular 
channel into ano ther th rough  a transition  region to 
find the criteria for the fission o f solitons. The 
num erical results showed tha t the solitary wave is 
desintegrated into a tra in  o f solitons o f decreasing 
am plitudes [17], in qualita tive agreem ent with sea 
waves. The K ortew eg-de Vries equation  was also 
derived by Johnson [34] for a channel o f variable 
depth and appears in various physical systems [35].

b) Derivation of  the Modified Korteweg-de Vries 
Equations

The nonlinear coefficient m 3 m ay becom e zero for 
some critical value o f A =  A*. There a stronger 
nonlinear effect should be taken into consideration

where y/j0) is the same undisturbed uniform  state 
vector. The equations for the second approxim ation 
( a -1) are for the upper layer

k  w|2) -I- v(2y +  w{2) =  0, (6.2 b)

k P (\ l  +  k m,(1) u\" =  Q «R  , (6 .3b)

P{\) =  P u  =  0 , (6-4 b )

k «i(l) rj(\ l  =  & rj(2l  +  w{2) 4- w ft ,̂(1), (6.5b)

P ? ) =  rl ? \  at z =  0 ,  (6.6b)

v\2) Dy + w \ 2) Dz =  0 , at Z) =  0, (6.7b)

k  Wi(1) r$l  +  t’i(1) rjty (6.8 b)

=  Q rjfl +  +  w{'z> at z =  -  h0,

and for the lower layer

k u ^  +  v ^  +  w^2) =  0, (6.9 b)

k A * p (2\  +  k u(i l =  ü u ^ l , (6-10b)

Ply =  Plz =  0 » (6.11b)

k rji} +  vi^ riiy (6.12b)

=  Q rjfl +  w^2) +  w{2\] at z  =  -  h0,

#  =  A i _  ] (Pi2) ~ P i 2)),  at z =  - h 0 ,
(6.13 b)

D y + w f p  D z =  0, at D =  0. (6.14b)

Applying the divergence theorem , from  o~V2 we 
ob ta in  along a ray the m odified Korteweg-de Vries 
equation

n j B, +  n3 B"B^ +  n4 B <= I>-Ii- +  /J5.ß==0 , (6 .15 b)

where

A * ( \ - 2 T ) b Q  k2 2 ^ S x 
n x= a Q 2 ? ---------^ ---L, (6.16b)

1 -  A" Q
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■J -  s )  yi2
« 3  = 2 a k 2^  + ak  Q  +  J Pi_-rL-=o d/ + ---  —  J <P\zz\ z=-h0 d l

Vll * A yn

-  k A* Q y ' b { \ -  2P) 2 A * k 2^ ( . y  - J ) b  3 k 2- / z r S l
-t-

1 -  A* I -  A 1

A * Q 2 yf

+
Q

n 4 =  Q 2 d r  j  (p\ L =0  d / - I -  "  j  {<p2 ~  3P(P\ )  \ z = - h 0 d / -  d S , ,
Vu ^  1 y2l Si

«5=  2k  S x^ x -  k W  |
D y dl

— C ] +  CT? V  =

/, (D].+ D\ ) 'n '

2 . Y Q 2 +  k 2 3^2
2 Q

:/r =

C ,=

C ,=

l*2A-2 ^ r2 2(l -  3^) +  A*2 kA S2( \ - A * )  + 2 C ] Q 2 [A*{ \ -  A*) k 2 S 2 - A * Q 2 b\
2 Q 2 {C2[A*(A* -  1) k 2 S2 +  A* b Q 2} -  A* b Q 2}

a k 2Q 29^2{A* -  \) +  k2Q 2 A* b 3 ^ {\ -  3^) +  k 4 S x 3^2( A * -  1)

2 b A * Q 4 ’

k2 5] (zJ* — 1 ) -  A * b Q 2-  a(A* -  1) Q 2

<P\

A*b Q 2

and (p2 satisfy (6.26 a ) - (6 .2 9  a) in which rj{2 ] is replaced by rj23).

(6.17 b) 

(6.18 b) 

(6.19b) 

(6.20 b) 

(6.21b) 

(6.22b) 

(6.23 b)

Equation (6.15 b) with constant coefficients and 
n5 =  0 was studied in some details to obtain one- 
soliton, brother-like and tw o-brother-like solutions 
[8]. Bäcklund transform ations relating this equation 
and the Korteweg-de Vries equation were found 
[36]. The trace m ethod [37] and the Fredholm  deter­
m inant m ethod [38] were used to construct the 
solutions. The representation o f periodic waves as 
sums o f solitons was given [39].

N ear the critical density ratio  we have to m odify 
our previous procedure and assum e that

A -  A* =  a (6.24 b)

From  the th ird -o rder equations (<r~3/2), we get the 
mixed Korteweg-de Vries and m odified Korteweg- 
de Vries equation o f the form

«] Bt +  W3 BB= +  Ht, B~ B  ̂+  «4 B 4- «5 B =  0,
(6.25 b)

w'here the coefficients nx, n3—n5, m3 coincide 
exactly with coefficients o f equations (6.38 a) and 
(6.15 b). This equation  for n5 =  0 and constant coef­
ficients was derived by Kakutani et al. [13] and

Funakoshi [14], They showed that this equation 
possesses a shock-like solution and a periodic one 
expressed in terms o f Jacobian elliptic functions. 
The phase-diagram s are constructed in the A ppen­
dix to present the whole set o f stationary solutions.

7. Summary

In the present paper we reviewed some reductive 
m ethods, Taniuti-W ei, reductive expansion, W hit- 
ham 's, and rays to derive the Korteweg-de Vries, 
the m odified  Korteweg-de Vries, the m ixed Korte­
weg-de Vries, m odified Korteweg-de Vries, and the 
nonlinear Schrödinger equations. The Korteweg-de 
Vries equation  for liquid  waves in a cylinder was 
previously obtained via Taniuti-W ei [8] and the 
W hitham ’s [11] m ethods and agrees with (3.7), 
which is found via the derivative expansion method. 
It supports the convergence o f all reductive methods.

It is w orth noticing that the two coefficients o f the 
second and third term s in (4.10) are responsible for 
m odulational stability o f waves [40]. If their product
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is negative, nonlinear wave solutions are m odula- Hence, the phase-diagram s may be sketched 
tionally stable. In our case this occurs for arb itrary  (Figs. 2 -4 ) .
values o f k.

The au thor thanks the referee for valuable 
comments.

Appendix

We rewrite (6.25 b) in the form

B , +  y. | B B X +  a 2 B2B x +  *3 Bxxx =  0 

and look for stationary solutions o f the form 

B =  B (q =  x  -  c t ) .

Upon integration o f (A. 1) one gets

^3 5 .£  — c B +  “7“ B~ A—— B 3
2

(A. 1) 

(A.2)

(A.3)

where a is an integration constant. M ultiplication of 
(A.3) with B = yields

B\ =  -  B 4 -
6 oc3

0L\ , c , 2a  
— -  B 3 +  —  B2 + -----B + b,
3 a 3 a 3 a 3

6 =  const. (A.4)

Fig. 3. Phase-diagrams for a2 a3 >  0. a: Linear wave limit, 
b: linear wave limit on the left and conoidal wave on the 
right, c: conoidal waves, d: soliton, e: conoidal wave.

Fig. 2. Phase-diagrams for a2 a3 <  0. a: Linear wave limit, Fig. 4. Phase-diagrams for y.2y.3> 0 (special case), a: 
b: conoidal wave, c: soliton. Linear wave limit, b: conoidal wave, c: shock wave.
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